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1 Three dimensions

Review: Last lecture, I tried to motivate and explain how supergravity is the gauge theory
of supersymmetry. We had a Rarita—Schwinger field

Y el(T"®S)

and the supergravity action

Isg = /e“bcea A Rpe(w) + 9 A D(w)ep.

(This simple form of the action is special to three dimensions.) The Lorentz symmetries are

irg0e® = \%e

IngOw"y = DA% = d\% 4+ w . \%.
ixg0Y = —%)\ab%b?ﬂ-

where a,b,--- =1,2,3. The diffeomorphism invariance is

te.poe” = Lee®
and similarly for w and 1. The supersymmetry transformations are

legoe” = %W’iﬁ

1290y = De = de — %w“baabe.

These imply that 7.9dIsc = 0.



Varying the action to obtain field equations (equations of motion):

) a __ 1 a
E: De® = —Z@/J’Y Ny = wle )
)
% : Rab(w) =0.
0
2 Dl =0

Supersymmetry rotates the equations of motion, e.g.

1
ie@d(D(w))) = D% = —éRabU“be

Remark: A closely related observation follows from applying the covariant exterior derivative
D to the equation of motion of 1 (the Rarita-Schwinger equation): 0 = D%y implies Rg,0% A
¢ = 0, which in turn implies R,, = 0 for generic 1. (Recall R, = dw?, + w A w%.) In
this sense, the Einstein equation is the integrability condition for the existence of solutions
to the Rarita-Schwinger equation.

What is the supersymmetry algebra? It is easy to see that
ie,00, leyg0]e” = %(EQ’YCLD€1 — 617" Dey) = D(%ew“el)
This can be rewritten as
= Lee® + A%’ + %n’yaw —ig(De® + iiﬂ’ya A).

where £ = %Eﬂ“éa, i.e., {¢ = iget = %Eﬂ“el, and A% = —icw®, n = —igp. Note that the
last term is an equation of motion. This pattern continues for the other fields:

[, Jw = stuff — i R%
[, J¢ = stuff — icDo.

Thus the algebra of supersymmetry transformations closes on Lorentz transformations, dif-
feomorphisms, and sypersymmetries modulo the equations of motion. Physicists say that
the algebra closes on-shell. This means that the algebra closes on solutions to the equa-
tions of motion, but gets extra generators on arbitrary field configurations. In second-order
formalism, i.e., when we impose the w equation of motion and express it as w(e®, 1), the
algebra closes off-shell on e* but only on-shell on . In three dimensions, one may find aux-
iliary fields such that the algebra closes off-shell, but in higher than six dimensions, it is not
known how to do this in a satisfactory way, i.e., so that one can write an invariant action.
Why is off-shell closure of the algebra an interesting property? In most circumstances, it
allows a realization of the algebra that is sufficiently linear, e.g., in superspace, that a sum
of invariant actions is automatically invariant.



2 Four dimensions

The action is
Isq = /e“deea A€? A Reg(w(e, ¥)) + e A prypea A D(wl(e,1))ip.

We are in second order formalism, that is, the connection w(e,?) is determined by De® =
—iiﬂ'y“/\w; note, however, that this is compatible (and indeed follows from) with 07 /éw = 0.

In addtion to four dimensional Lorentz and diffeomorphisms, this action is invariant
under:

1
iegoe” = §€7“¢

ZgQ(51/J = DE
R Y
leQow’y = Do izgoe” + 0 1eQ0.

A first-order formalism is not convenient; we use 1.5-order formalism, which I'll try to explain
in a simpler way than last lecture (it really is a triviality): The supersymmetry variation of
the action is o7 51

. B . a .

ZgQ(SISG = @Zg@d@ + %ZEQ&?D,
where g—ing(Sw = 0 is automatic because we use g—i = 0. This is all the 1.5-order formalism
means.

The transformations are:

. — 1 abed — .
ieq0lsc = €™y, A ey A Rog + 5¢ Peley b A YYpea A Dip
+ 6adeGa A Dgfybcd A Dw + 6abCClea A 1/7’7de A D26-

We may integrate the third term by parts; dropping the boundary term, it combines with
the fourth term to give

—ieabadtﬁ% AW N Epea A D + 2™ eq N Pyjpeq A De.
Using the definition of the Riemann tensor, we find D?) = —%a“bRab/\w, and we can rewrite
the last term. Finally using Clifford algebra identities that follow from the basic relation
{Yas W} = 214 to reduce products of v matrices as well as Fierz identities to rearrange the
spinor contractions, we can show that these terms all cancel.

The equations of motion that follow from extremizing the action are:

0 1 .

— e“deea A Reg + —Eadew’Yde ANDyp =0
de 2

i . €ade€a N ’}/bcdDQﬁ =0
o



(with w(e, 1)) defined by De® + }11/37“ A1 = 0). The first equation is equivalent to Einstein’s
equation with the stress-tensor of the Rarita-Schwinger field ).

As in three dimensions, equations of motion rotate into equations of motion under su-
persymmetry. We also find that the consistency of the theory requires torsion:

D(e“bedea%cd A Dy) =0

implies constraints on the Ricci tensor that are consistent with Einstein’s equation only
if there is torsion. As in three dimensions, the Einstein equation can be regarded as the
integrability condition for the existence of solutions to the Rarita-Schwinger equation.

3 Supergravity and superspace

Let us now return to three dimensions, following a geometric approach. We have a 3-

dimensional ordinary manifold with 2-dimensional fuzz: SM?>?. There are local coordinates

" and 6* for yp = +, —. We don’t use a metric on superspace, it is not the right notion.
We introduce bosonic vector fields

E.3 = EosM Dy

and fermionic vector fields
Ea = EaMDM

which can be put together as E4. The bosonic one is a section of I'(Sym? Sy ® T(M)) and
the fermionic one is a section of I'(ILSy ® T'(M)), where S is just the usual SL(2,R) spin
bundle of the ordinary manifold in three dimensions.

It is convenient to formulate the derivatives as follows:

0
Dy = oz
0 .
D, = 89“+29 oy

All quantities that we consider take values in R tensored with an arbitrarily large Grass-
mann algebra. John Morgan and Dan Freed have given a functorial description of this.
Kok
The natural continuation of this subject appears in the lectures of S.J. Gates. See also
Chapter 2 of Superspace by Gates, Grisaru, Rocek, and Siegel, which has been copied and is
available.

Once again, I am delighted to thank Dave Morrison for writing the first draft of these
notes.



