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Flops and Flips

A simple flop (resp. simple flip) is a birational map
Y > Y which induces an isomorphism (Y — C) =
(YT —C7), where C' and C™ are smooth rational curves
on the Gorenstein (resp. Q-Gorenstein) threefolds Y and
Y ™", respectively, and

Ky -C=Ky+-C"=0

(resp. Ky -C <0 and Ky+-C > 0).



The curves C' and C can be contracted to points (in Y

and Y7, respectively), yielding the same normal variety
X.
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Thanks to a theorem of Kawamata, it is known that all
birational maps between Calabi—Yau threefolds can be
expressed as the composition of simple flops.
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Thanks to a theorem of Kawamata, it is known that all
birational maps between Calabi—Yau threefolds can be
expressed as the composition of simple flops.

hanks to work of Mori, Reid, Kawamata, and others,
simple flips and contractions of divisors form the building
blocks for birational transformations used to construct
minimal models of threefolds of general type.



Another theorem of Kawamata relates the two:
essentially, every simple flip has a cover which is a
simple flop.



Atiyah’s Flop

In 1958, Atiyah noticed that if he made a basechange
s = t* in the versal deformation of an ordinary double

point

Ty + 22 = S,
then the resulting family of surfaces admitted a
simultaneous resolution of singularities.



That is, factoring the equation as
zy = (t+ 2)(t — 2)

and blowing up the (non-Cartier) divisor described
by = t + 2z = 0, one obtains a family of non-
singular surfaces which, for each value of ¢, resolves
the corresponding singular surface.
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by = t + 2z = 0, one obtains a family of non-
singular surfaces which, for each value of ¢, resolves
the corresponding singular surface.

In fact, there are two ways of doing this, for one might
have chosen to blow up the divisor + =t — 2z = 0
instead. This produces two threefolds Y and Y related
by a flop.



Reid’s pagoda

A generalization of Atiyah's flop was discussed by Miles
Reid in 1983.

ry = (t+ 2%)(t — 2°)
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A generalization of Atiyah's flop was discussed by Miles
Reid in 1983.

ry = (t+ 2%)(t — 2°)

The flop itself can be described by blowing up C' and
its proper transforms k£ times, and then blowing back
down:






